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1.1 introduction

Some physical quantities describe only with there values such as temperature, area, length, mass,
etc., theses quantities are called scalars.

other physical quantities are not enough to mention only their values, they need to mention also their
direction, for example, force, velocity, acceleration, etc. these quantities are called vectors.

The vector usually represents by a directed line segment ( arrow). The length is the magnitude of it
and the direction of the arrow represents the direction of the vector.

The vector can be denoted by symbol

a b C AB




1.2 Some definitions of vectors

1.2.1 Magnitude of vec*s- |
The magnitude of a vector “ writter !« is the length of its
representative directed line segment.

1.2.2 Unit viu :or vl
A unit vector IS a vector of unit length, that is =1.

1.2.3 Equal vectors % v

Two vectors u and v, which have the same length and same
direction, are said to be equal vectors even though they have
different initial points and different terminal points. If u and
v are equal vectors we write u = v.

1.2.4 Zero vector

The zero vector, denoted 0, is the vector whose length is 0. Since
a vector of length 0 does have any direction associated with it
was shall agree that its direction is arbitrary; that is to say it can
be assigned any direction we choose. The zero vector satisfies the
property: v+0=0+v=vforevery vectorv



1.2.5 Negative vector

If u is a nonzero vector, we define the negative of u, denoted —u, to be the
vector whose magnitude (or length) is the same as the magnitude (or
length) of the vector u. but whose direction is onnosite to that of u.

T e

— —
A B

1.2.6 Orthogonal vector
Two vectors and thogonal when the angle between

them i1s 90 degree o ) vector .

. 90°




1. 3 Vectors algebra

1. 3.1 Equality /.:
—= a4; + a,; and = by; + by;

L
ﬂ]_:bl &ﬂ2=b2

These: @ b ctors are equal only if
b
Then .
— = q; —+ ﬂzj and —— bli + sz
1 i} b
-+ > = (ay + byi+ (az + by)j .
b
PO (ay —byi+ (a, — by)j ‘

a-b

-h



1.3.3 Multiplication by a scalar .

e |If —= ay; + ay; and S is the scalar _, .

[

s == (sa,); + (saz); T

« If (s) is nacitive, the direction of vector 5 7:the same direction of
vector a

* If(s) isnenafive, the direction of vector $ ~t the opposite direction of
vector .

Example 1.1 it w = 2i+2; and > = 1;+ 4,
Find u+v
Solution —s = 6; + 6

T+

(13
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o




1.4 unit vectors (1.J, &k)

Leti, j and k are unit vectors

Where

(i) Is a unit vector in the positive x-axis direction.
() Is a unit vector in the positive y-axis direction
(k) Is a unit vector in the positive z-axis direction
Thatw | E|=171=1k]=1

And

l, J, and k are orthoaonal
[

3; +4; 3;+4; 3 _ 4

unit vector of a = — = = = —i4+—7j
fe=lal=@=saz s 5 7§/

Let



1.5 Vector in plane

If Z)is a vector from the origin (o) to the point P(a, b).

—):—):ai+bi
oP

A
7] = Va? + b2

X +pf = ki
=3 b )
. g ai+ a - .1
Unltvector=3=ﬁ= Iﬁ':WHW' J
A A A A B 7 o,
?=cosoc1+cosﬁj - \

Where

a b
cos x= —~,cos B =1

|2 |2
Example 1.2 = 4i + 3j

. . . A
Find the direc*~~ -1 Ao thm i of
- == || = 4)2+ (3)%2 = 5
Solution A V(@ (3)
Length of e 4 N 3
— = —— = —1 —
. A |_,| 5° " 57
Unit vector of A
c:at:lr:;f.i::E %a:cos_l(i) — a = 36.8°
5 5 -



1.6 vector In space
» Suppose That A is a vector from the origin to a point P (a, b, ¢)

—»=—=ai + bj+ ck then |—>| = Jaz + bz + ¢2
A oOP a

unit vector = 1—; =

L L
S
_|_
g
.|_
&

|A|

a b C
i + Jj + k
|2l

= ——L
A A

— — co0s X i+ cospf + cosy

|?.-.’| =1 = (cos x)? + (cos B)? + (cosy ) ?

E_xample 1.?? —= 4i + 3j + 12k
Find the unit vector of vector V
Solution v _ 4. 3. 12
|?| — \/(4)2 + 32+ 1A2)2 = 13 e |_,| ~ 13" T13/ T13
and v
Example 1.4 2>=2i+2j -k

Find a vector 6 units long in the direction of vector
- == 6 4 = 4i + 4j — 2k
Solution 7, %|;}| V@ Z+(2)Z+(—1)2

vector = 6 -= 41 + 45 — 2k
1



Example 1.5

Find a vector of length 2 units that makes angle 60 degree with x-axis and 30
degree with y-axis.
: a=60°, 6=30,° y=?
SOI[&‘Q)@ x)? + (cnfs L% + fco.gy 2 =1
0.25 +0.75 + (cosy )? =1
(cosy )2 =0, cosy = 0, y—= 90°

—= cosai+ cospfj+ cosyk = 0.51 + 0.86])

uw

?:2|?|' —= 2(0.5i + 0.86j) = i+ 1.72j &k B(by, bz, bs)

AB .
A(a4,a,,a3) and B(b4,b,,b3) A(@;’j’}ﬂ/@

—=(by —ay)i+ (b —az)j+ (b; —az)k -”
27 vector between two points :
et

Its possible to find a vector between A&B
———=(3—1i+ (2—0)j+ (0— 1k

PyFP3
4 PP Z Z 1
EEml 2 2 2 — = :—£+_}__k
_EXamMDIERY2 | (2)2 + (—1)2 = 3 ” 3i+3/—3

"*ffd a vector and its unit vector from P1(1,0,1) to ‘E(BZ:‘!,O)

CAli i#:1 AN



1.8 Mid point of line segments

The coordinates of the mid point M of the line segment joining two points
P1(X1, Y1) and P2 (X2,y2) and found by a\mmmnﬂ the coordinates of P1

and P2 ;Paﬂ: ke, 3’1 + V2 a1 20
M= (= )

M

Py(x2,¥2)

{'j =
P,(3,—2) and P,(7,4)

(3+7 —2+4)

Example 1.7 ™M =\"2 "2

Find the midpoint of the segment joining

Solution == A(2,—1), B(—3,2)
Z2—3 —1+ 2 —1 1
C = ) )= - =
2 2 2 2

Examfpleilﬁ O)L—I— (%— 0)j= —11 +%}
Find the vector where C is the midpoint between




Note: The coordinates of a point which divides the line in the ratio™ /== as
shown in the Fig. v 1 Pi1(x1,¥1)

M = (m1x2 + mzxx, Mmyy; + mz.’)’1)
my, +m, = m4 + m,

Py(x2,¥2)
-
%
oM
P.(4, —2) and P,(—8,9) 3/,
Example 1.9

Find tml\perglto; 3/Where M is a point divides the line between

3(— 8) + 24 W.I?Ehga rjal‘—tlg 2
SOIUIMFF( (4) 3(9) + 2(- ))

5
o (—16 23
o 5 '5

—16 23

om~ 5 “t5/




1.9 The Dot Product (Scalar Product)

A product of two vectors A and B can be formed in such a way that the
result is a scalar. The result is written a - b and called the dot product of
a and b. The names scalar product and inner product are also used In

place of the term dot product.

As shown in the Fig. where dot or scalar product

product of a and b is defined as the number. A
7= D1i + bz + b3y 6\
_ _ B
VS a,b, +a,b, + azb; = rdlirs cos0 ‘

1.9.1 Properties of the dot product
- AA-B=B-A
e M A-uB=pA-AB=MA-B



« To find the angle between two vectors

A B

0 =8 =1
Al B |

cos 8 =

e |If the two vecﬁors alfﬁﬂﬁrﬁllandﬂ A— a2

_ AB =0
« If the two ygctoys;arepithogonal
ij=ji=ik=ki=jk=kj=0
Also

A B
cos8 =

Example 1.1@115!
IBihaAY BlaRdtHaRgle b3tveen ek sbrstd BAmd b/ §RAh thar D + (=202 =3

A BPE12izh3k apd B3 13k —2)) — —6 g — ms—l( —© ) — 122.3°
Solution Vi4.3




1.9.1 The projection of a vector onto the line of another vector

The projection of vector a onto the line of vector b is a scalar, and it is the
projecting a vector onto a line signed length of the geometrical projection
of vector a onto a line parallel to b, with the sign positive for 0 < 0 < /2
and negative for n/2 < 0 < n. This is illustrated in Fig below.

ﬁ.
—= Proj A4
C —> B
H =
1.11 Example = Proj 2 _ a8 —
2 - )
Find the vector projection of B | B and then find

- tlgeé,o@mrz:qmpenant of vlegtbr#\ |HB->1|h<|aﬁ|recﬁoﬁ #fvedtor B.
Solutz.on 3
L&t C,Blg the v%{:%or E)F(L)J%ctlon

A= am




« Example 1.12

Given a triangle A ABC whose vertices are A(1,-1,0), B(-2,3,1) and
C(0,1,-2), Find 1- the projection of vector AB onto Vector AC.

2- The angle a = » ABC. B
Solutigir (2 — Di+ @+ Dj+ (1 — 0Ok =—3i+4j +k j////ﬁb\\\
1- 20O - DI+ A+Dj+ 20k =—1+2j—2k X

- AC A -

2= (DD @D+ @(-2)=3+8-2=09

|=|=VEDZ+ @2 + (—2)2 =3

5 _ ABAC 9
j AB — AB AC ~ (- _ —_ _
PT{]}_} IABIEE?} ( i+ 2j —2k) =i+ 2j — 2k
——
—| || |cnsa — cos a = —Z24-BC
BA.BC Bal lpc | ||
—}_3!'.—4'1—;{!1115[ 4«*_21—2]—33!'( ——=06+8+3 =17
BA. BA.BC

| J(3)2+( DI ((1DZ=vZ6 |2|=V@2r+ 22+ (32 =V17

17
V2617

o = cﬂ_g_l( ) = 367



1.10 Cross product (vector product)

A product of two vectors A and B can be defined in such a way that the
result is a vector. The result is written AxB and called the cross product
of A and A. The name vector product is also used in nlara nf tha tarm

N
cross product. B _ t
E)_e:f aq; —+ azj -+ a3 E) bll’ + sz + bgk

W > — |—>| |—}| sing —
A B A B N

A

Whepe’N i3 & umit gector erpendicular on both vectors Aand B.

LiG}RIGgerie) = 2 X 2 + 2 X 2

) — X = =0
A B

e IXi=jxj=kxk=0 f\{v\ K
i <xj=kKk, Jjxk=1, kxi=j SENTER C Q_\

i xi=—-k  ixk= ' '
. IRt It A ar{d B vectérs are para..lc.\—";r'l l—~_~)

(s f) e (t ?} = (st) (TKE}) , s&t are scalar



1.10.1 Determinants
1.10.1.1 2 X 2 determinat

“1 az‘—ab — a-b
b, b, 1D> 204

FiPexample— (3 x 5) — (—2 x 4) = 23

3 X 3determinat

a; daz dsz
by 1Bz ba| — a, |22 P3| —a,|Pr D3 by b,
cqy C€Cz2 C3

= a,(bzcz — bzcz) —az(bycz — bzcy) + az(bycy — bycy)

3 —2 —5
1 4 —4
0 3 2

:Fogr(é%(é{mzpl?z (—4)x3)+2(1x2—0)—5(1x3—0)=49

-3l; Sl Zlreslg 3



Assume o= @it @zt azp 50q 7= P1i+ bz + b3y

Then ! J az dz)| . €y dz) . €y ﬂzlk
AFT M @z A3 = |p, b3|‘_ b, b3|1+|b1 b
by, b; bjy

= (azbz — azby)i — (a1bz — aszb,)j + (a1 by — azb,)k

?:£+2j—2k

—>=3i+k X & X
Examp ei1.1§ K
eb=[1 2 2 aan|% e |2fing%|s+ |3 Z|k=2i— 7/ -6k
3 0
Solution ; j
_}x_}—r|3 0 |“ | —|3 | | 1|k=—2i+‘?j+ﬁk
1 2
—=X— = — —-X— Proved!
A B

B A



Example 1.14

—-=2i —3j+k and —-= —i+ 2j — 3k

If 4 y —and — find a vector of length 2 units
perpendicular on both
Solution
?Aisa@p;v‘ 11 - k )er||rezﬁdic_l}ée. : 33%{ 0Q13b|:>,tbr\|'e_%:’£ors;/§‘|§52 7i+ 5j+ k
Unit vector of — = Stk = 1 (7i + 5§ + k)
c  J(TZ2+(B)+ (1)2 5\5

i+ 5+ k
- (7i + 55 + k)

2
JZ+ (32 + (12 —ﬁ‘ﬁt length

The new vector is 2 units length
—_ = X —
N A B .
|;>| Area of parallogram

,4]'1‘;'9';}61[1 ang I é%”ﬁ ()a]ngljaraﬂogram)
If
Then



Example 1.15

Find the area of a triangle A ABC whose vertices are A(1,-1,3), B(2,0,1)
and C(-1,2,-3) by using vector methods

z

: 1
SolyjQsl, of triangle = — |—> X — A
214AB " AcC
£:i+j—2kand E:—2i+3j—6k B y

X
i j k
—x—=|1 1 -—2
—2 3 —6

=|1 —2]. |1 —2
3 —2

r —6

e i+| 1 i|x=o0i+2j+sk

—>x—| =+/102 + 52 = 545
— %(5\@) — g\/gunitarea

Area of the triangle A ABC



1.11 Equation of line In space

Suppose L is a straight line in space and parallel to
vector V, L passes through the points Po &P1
s=ai+bj+ck P,(x,,¥0.2,), P,1(x,¥,2)

~—> is parallel to .

P,FPq
———» =1t —> tisascalar
P,Pq vV
—— = (ta)i + (tbh)j + (to)k
P,Pq
P (x —xg)i+ (¥y —yol)j + (z— zp)k
of 1
x — X,
ta=—x—x,, t=
o
Y — Yo
By eqﬁ’atlr?’g"the tWo e eqyations
tc =z — 2z, t =
C
x = at + x, These equations are called the parametric
y =bt+y, equations of the line and t is called the
z=ct+ z, parameter.

And then

P1

<



Example 1.16

Find the parametric equations of a line that passes through the points
A(1,2,-1) and B(-1,0,1).

%th%igrﬁ—l DI+ (0 —2)j+ (1 + Dk = —2i— 2j + 2k

x=x,t+at=1—2¢t

';hg %rq_n},eplc gqugtions of the line are

z=zZ,+ct=—1+2¢

—>= 4+ 5] — 7k

Example 1.17
Find thé 6’§rametric equations for the line that passes through the point
Y 22+ L
(1, -3§and parallel to
z=—3-—-7t
Solution
a=4, b=5, c=-7



1.12 Equation of plane in space

Suppose that a plane passing a through a point Po(xo yo, 20), and
perpendicular to the vector N.  ~— @ttt b7t

P(Xx, Y, z) is any point in the plane .

P NOWx — x,)i + (¥ — ¥o)J + (2 — 2z,)k

P1
—> and — are orthogonal
P,P N
and then n.;}z{] —alx —x,) + bly—vy,) +c(z—2z,) P

ax + by +cz=d

d = ax, + by, + cz,

plane, and can be

—==4i+ 2j — 5k
N

(x—x,))+b(y—y,)+c(z—2z,) =0
Ei%%p eé)?gr 2(y + 1) + (5)(z — 7)

Fipd an gguation,of the plegfe pasgmhethyough the point (3,-1,7) and

49e£p%?)gi£u§£tgtneil§0torfhe equation of plane
Solution



Example 1.19

Find the equation of the plane that passes through the point Po(1, -1, 3)
and is parallel to the plane 3x +y + z =7. _

SOWHBY + cz=d [

3Ix+y+z=7
?=3i+j+k

l Plane 1

P1(1,-1, 3)
[ =]

Bcausg bath vectpys,are parallel Vector N is normal
OQPQI'}D_LE\QQ__SS The equation of plane

Plane 2

a(x—x,))+b(y—y,) +tc(z—2,) =0 ’
|

Ixty+z=7

—=1i—3j+3k

Exampie 130+ 2k

Find the equation of the plane that passes through the points A(1,1,-1),
B(2, 0, 2),and C (0, -2, 1).

Solution

X = —
AB AC N



i i k
1 -1
—1 —3 2

(—24+9i—(2+3)j+(—3 — 1Dk

vector N is normal on the plane

—S = X —=
N AB AC

= 7i — 5j — 4k

|

HEequiivoh 5t plande) + €z —2z.) =0

7(x—1)—5(y—1)—4(z+1) =0

7x — 5y —4z =6 The equation of plane



Example 1.21

Find the distance from the point P1(1, 1, 3) to the plane 2x+2v+67=4
Solution
Let as to take a point on the plane PR

x=0,z=0 andthen2 =6 \’d
—b=i— 2j + 3k and >= 3i+ 2j + 6k
The point is Po (0, 3,0) _ ", R ro

P, P P,P, N
Distance = d = Proj °,* = 5

_BM+ D@+ 3)6) 17
V32 + 22 + 62 7

v

2]

unit length

x — 2 y+1=£ /
Exampl%l2g+3t y4-= -—1+2t _Z= 4t /Po /

Find the point of intersection of the line 7
(Z phieix2Ry-+Hz=4120) + (40) = 11

1 thent=1
$8@§®3—5 y=—1+2:1’ 7z = 4




Example 1.23

Find the parametric equations of the line of the intersection of the two
planes x -y +z =3 and x+y+2z=9 .

Sekution; + k h—rz)=i+j+2k
N1

i Jj k
ol 1 —1 1

1 1 2

—= —3i—j + 2k

z—y=3————(1)

-+ =9 — — — —(2). ) )
To ﬁﬁd apointint e)lntersectlon line

Let x=0, and sub it in both planes

x =x,+at =0+ (—3)t = —3¢t

Y=Y, +bt=1+((—1)t=1—t

£=4,8yZ1 anf the,point {0, 1, 4) lies on the intersection line of both planes
The parametric equations of the line are



1.13 Triple Product

1.13.1 Scalar triple product
If

E}= ali + (12}7 -+ a3k
E}: bli -+ sz -+ bSk

?= Cli -+ Czj -+ C3k

— = & —
%(exe) ’
A B C A B C

The number o, a, &,¢alledthe scalar triple product of
> (>x—>)=|by b bs| _ b, bs| b, b; b, b,
A (B c) c:, C» Cu U \e, 4 e + aj €, €y

a;(bycz — bzcy) —az(bycz — bzcy) + az(bycy; — bycy)

—>. (—>><—>) =, (—>><—>) =, (—}‘){—)»)
A B C C A B B C A

Note that
Example 1.24 - (3x2)
Find the scalar triple product of the vectors U= 3i-2j-5k, V=

i+4j-4k and W=3j+2k.

Solution 3 —2 —5
- |—-x—) =1 4 4| =3(8+12)+2(2—0)—5(3 —0)
o | 2 W 0 3 2

= 49



1.13.2 vector triple product

If
== a i + ayj + azk
E>= b1i+sz+b3k
== cqi +cyj+ c3k
Then (%x_}) = (_}_} _}_(_}.@j(@}Iledvectortrlpleproduct
B B C A
Example 1.25
If +—2'+'q|[]q‘c —>=1i+ 2j — k find (% %) —>
Solggion —J + 2k, F— <t™J c ! J fin A7E) "¢
(—}X—)) x% (%% %—(E}_? ?
(e—> = —3 and(%.+)=3
B C
(ox2)x2=(-3) @i+j+k) —@) G —j+2k) = —9i— 9%k
i j k
2Xp=|1 —1 2|=-31i+3j+3k
2 1 1
i J i
(jxg X2>=|-3 3 3 |=-9i—-9k
1 2 -1




1.13.3 volume of parallelepiped

If i
—r = ali -+ azj -+ a3k
A —
— = b1i+sz+b3k -—A
B h N
?: Cli_l_cjzj_l_c:;k C
The volume of the para eleplped IS
Volume = |A s (area of parallelogram) . (height)
— %.(—))(%
Height=h=proj%‘;l<%— A _~B ¢
B C |—>><—>
B (N
—. | =2 x—
Volume = |+><%|. 4 (B C) =—>.(%><%
B C |_>><_>| A'\B ¢
B C
Example 1.26
Find the volumfitpgrbgjx_pﬁr%g epip gr)g}gt de;rmmeg DY 41
WWB is equal the absolute of —. (—))(—)—)
A B C
i j k
?.(?x?)=(i+2j—k). —2 0 3
O 7 —4
= (i +2j — k).(—21i — 8j — 14k) = —21 — 16 + 14 = —23

volume = |—23| = 23 unit volume



Assignment 1 (\Vectors)

1- Given A=2i—3j—3k,B=1i+j+2k,and C =3i—2j -k,
find the angles between the following pairs of vectors:
(@ A+B, B—-2C. (b)2A-C, A+B-C. (¢)B+3C, A-2C.

2- Find the vector AB from the following of pairs of points
@ A(1,2,5&B(2,-3,9 (b) A(-3,0,7)&B (4,-8,0)

3- Find the initial point of the vector 2= 2+ tHie @fninal point is
(@ (5,4,1) (b)(4,1,3)

4- Find unit vector that has the same direction of the vector from A (5,1,3) to b(3,7,6)
5- By using dot product, find the angle between the following pairs of vectors

(a) —>=i+2j -3k E>=—i+j+@3ﬁ( S=4i—2j ,—>=7i+4j + 2k

6- Find the cross product of the following pairs of vectors

(@) —=2i—j+3k, —=1i—4j bk —=i—2j +4k, —=—i+ 2k

7- Given that A =1+ 2j + 2k and B = 2i — 3j + K, find (a) the projection of A onto the line of B,
and (b) the projection of B onto the line of A.



8- By using vectors rules, Find the area of the triangle that has vertices A(2, 5,
3) B(4, 2, 4) and C(2,1,4).

9- Find the parametric equations of the line that passes through the point
Po(3, 4, 5) and parallel to the vector A=2i+5j-6k.

10- Find an equation of the plane that passes through the point Po(2, 2, 2) and
parallel to the plane 2x+5y+7z=5.

11- Find the distance between two parallel planes 4x-2y+7z=-12 and
4x-2y+17z=0.

12- Show that the lines L1 and L2 are parallel and also find the distance
between them.

L1: x=2-t, y=2t, z=1+t L2: 1+2t, y=3-4t, z=5-2t

13- Find an equation of plane that passes through the point (-1, 4, 2) and
contains the line of intersection of the planes 4x-y+z=2 and 2x+y-2z =3.

14- Find the volume of the paralleleplped that determlned by
?—I— 2j + 4 B——I—I— k and == 2i +3j— 4k



Chapter Two

Partial derivatives

Email: abd.mohammed@uoanbar.edu.iq



2.1 Limits and continues of function with two variables

Recall that for a function of one variable, the mathematical statement

lim f(x) =L

X—C

means that for x close enough to c, the difference between f(x) and L is "'small*’. Very
similar definitions exist for functions of two or more variables;

lim X, = L
(x,¥) = (x6,¥0) J(x )

|f(x,¥y) —L| <e
A function f of two variables is continuous at a point

1-
xﬂ‘ o
p. Koy

lim
3_ Ex,;}’) _’::xcnyo

Ss defined
]f(x, jﬁ)eXit
‘:x;}’)—l}:l[:iflo,yoj f(x’ y) — (xol yo)

For fully derivative

f(x +Ax) — f(x)

f(x) = lim

. . ] Ax—0 Ax
While for partial derivative
5f(x,y) lim f(x+ Ax,y)— f(xam 6f(x,y)
5x Ay —>0 Ax oy

if
(xO’ yﬂ)

_ lim f(x,y+ Ay —f(x,y)
Ay — 0 Ay




2.2First and higher order partial derivatives.

2.2.1 First order partial derivatives

In mathematics, a partial derivative of a function of several variables is its
derivative with respect to one of those variable with the other held
constant.

The partial derivative of a function f(x,Yy, ....) with respect to the
variable is variously denoted by of

o
fxlfxlafoDfole!aflﬂra

f(x,¥) =2x%2 +5y3 — 2xy + ysinx + xcosy
Example 2.1

Fing the fixst pagtiahdarivativoafthe
SO“}EQQ 15}"2 — 2x + sinx — xsiny

f(x,y) = x*sin(xy3?)

g"xamp;é@;ﬂros(xy:;) + 4x3sin(xy?)
Find the first partial derivative of the
éﬁlutlx‘rcos(xy )Bxy = 3x°y? cos(xy )



2.2.2Higher order partial derivatives f(x , y)

2.2.2.1 second-order partial derivatives
It cab be denoted by

A2f a (df
e dx2’ or O0x 6x)

A2f o (Of
fyy 552 °7 55 (ﬂ_y)
o2 f

A2 f d ,df= 9 (of
fx ' R a0 —/— | —— fyx’f) % ’orﬂ' (6
Examf®9s 9y = S A

Find the second order partial derivatives of
Solution

fx — 5y3 _Zyandfxx= 0

f(x,y) = 5xy> — 2xy

fy = 15xy* — 2x and f,, = 30xy
fxy = 15}'2 — 2
— 2 _
deample 2y ~ 2
if f(x ,t) = sin(x-ct), show that
Solution 02f _ 292/

ez~ © axz

= (—c¢) cos(x — ct) then o0zf

of 2.
— = —c°sin(x — ct)
g} a2f ot*
Ix -

= cos(x — ct) then 322 —sin(x — ct)

o2f _ ,02f
at2 Jx2




2.2.3 Third order partial derivatives f(x, y)

62f B (62f

B 92 f 92 f
fxxx - JOx \Ox fyyy - 6}"

xyy = 6y(6y6x) Fyee = 5x\axay

Find f Zfﬁ,},},,j"x},;,,r and f .. of f(x,y) = sinxy?

Examrﬁ’é
f.=v'cosxy®,then f,, = —y*sinxy® then f,_ 2 = —y®cosxy”
fs,OJﬂf?.@ﬂ; cos xy¥° ,then oy = —4x*yIsinxy® + 2Zxcosxy® then Foyy =
f. =y cosxy® ,then Fay = —Z2xyv?sinxy® + 2Zyvcosxy? then Fayy =
F, = 2xycos xy> . then Fyox = —Z2xyisinxy® + 2Zyvcosxy® then Fyex =
B I3f
fxxxx - a(ax;;
63f
Fyyyy =
2.2.4 Fou?t order partial derivatives f(X, y)
Frxyy = 35 (ayaxZ)
@/ a3f
Fyyex = 3% (6x6y2)



2.3 Chain rule of composite functions and total
differential.

2.3.1 Chain rule (Function of function)
If z is a function to x and y, and x is a function to m and n, then

to m and n indirectly. ‘/ Z\‘xn
Its mmble;go fonel th@geraﬁtlve of z r%gectg,gmagpd bz ay §m7
om ~ ox om dy Idm on _ ox on | dy on n
and
= x%+ y=2, x =rcoss ,yvy —e® —sinr find f,and [.

Exampigr2.%9x  of oy

fr=ox ot oy ge— (20)(coss) + @Y (—cosT) .~

N /
= 2xcO05s5— 2y COST \r

of ox Of o )
fo = ai 'a:: 4 a;: .61’ — (2x)(—rsin s) + (2y)(e%)

= —2rx sins— 2y e’®



Example 2.6 >y N
= xzy = —_— — r Y X

If Z=e"7Y,x=u+v, y > find z,,and z, §u7

Solution M

dz dx Jdz 9y 2 2 2 2 2x2)
— p— Xy 22Xy — — e* V| 2x —+
z, Ix du + 3y "ou (nye )(1) + (x e ) (v) ( y -

. 22w Z p + = zu® 2 41e”
= g+ (u}(2[u+u](—u)+ (ut v) )=e p v ”""( = —|—Bu—|—2ﬁ)
ir

17 (",

_9dz Jdx dz Jdy 2 o x2 2u 22x2
% = 3x “ov * ady ov (nye y)(l) + (x € y) (_F): e~y (Zx}’ — )

172

E
= e':"'+"3'z[2u_u} (2 (22 + 27) (—Eu) L 1;:]2) — e%“‘"”“h’z“” (Eu — EHS)
i

1-"'2 't;.l2



2.3.2 Total differential
If Z is a function of xs Z = f(xq,%2, -, X3)

Xq1,X2, ..., X, are functionof y then Z\‘
o
de — 0z d o0z d oz d X2 X1
7z — axl. xl _l_ axz. xz _l_ e _I_ a‘:‘:‘nr. xn
dz is called total dif ferential of z
Y
dz 0z dx, dz dx, dz dx,
= . + . + ot
dy dx, dy dx, dy dx,, dy
Also
w = x> +y?% + z2, where x = efsin t,y = e'cost, z — et
i dw
find —? W
Examgle 2.7 o IS

Given l
dw Jdw dx ow dy Jdw dz
= t

dt  o9x dt a9y dt a9z dt

—— = (2x)(efsint + efcost) + (2Zy)(efcost — elsint) + (2z)(e?t)

g:ﬁutlon

—— = (2e'sint)(efsint + et cost) + (2etcost)(efcost — e’sint) + (2et)(e?)

dlw ZEf a2 : 2 : 2t
de Ze~"(sin~t + sintcost + cos~t — sintcost + 1) = 4e



2.4 Directional derivatives

The directional derivatives of a function (w = f(x,3)) is defined as

daf
Js = Vf.->=D,f = |Vf] ‘%‘6059 = |Vf|cos 6
Wlféfe —>

Vf st¥eWirectWnd! demVatdivids Wxlcin the direction of

— Is unit vectoe
e

= the gradient of W
f(x,y,z) — x3 - xyZ — Z
—=2i— 3j + 6k

Examplgz 8 2 E 6 ®k
Firtd tr|e-é|er|v3t|ve & at Po(1,1,0) in the direction of

f¥e§t%rx — 2! then fleo =2
S%thD—ny, then fi?lpo = —2

fz=—1thenf,|p, =1



Vilpo = Fxlp, i+ fyl, J+folp k=2i—2j—k

df
- o gs s Ve
The directional derivative is
df . . (2..3..6\_4 6 6 4
as =@ —2-W.(Fi-Zitsk)=s+o— =3
f(x,yv,z) = xe¥ + yz
Example 2.9
Find,how;mugh L — Pori_ 2will 8hangk if the point P(x,y,2) is

Pefrioved from Po(2,0,0) sﬁa_iglhic—}tgl\/v_ar% P1(4,1,-2} a distance of ds=0.1 units.

VRUQA £ 1p i+ £,], J + felp K
fx = e” thenfoPo =1
fy =xe¥ +z, then fl"’lpo =2
fz:y thenlepo:[}
V lpo = Fxlp @ +f3"’|PDj + flp k=10i+2j
1 2 4

df 2 , B
%‘VflPO'?_(1+J)(§I+3J 3 )_3

ds = (0.1). (g) —0.13



2.5 Linear Approximation of Function

The linear approximation Of function y

f(x,y) near the point Po( Xo, Yo ) IS
L(x,y) = Flx.¥) 2 fx,.¥,) + (x — x,) 2|

1

f(X,y) — — '
Example 2.10 thx—y X, X
Show that
Can be approximation near t 0(0, O b
NAST2 e 7o) + G = %) b@rr QoY 22
'X+y P
%Gfi+x—y)2‘ =1

=1

ﬂy (1+x—y)2
F0,0) =1
fxx,y) =1+ (x—0OD+Y—-—0O@1)=1—x+Yy



2.6 Tangent plane and normal lines

If the equation of a surface is defined by f(X, y ,z)=c and passes through the
point Po(Xo, Yo, Zo) as Shown.  f(x,y,z) = ¢

Vi=f i+ f,j+fk=—

Xhe=naqgndd gl yo the surface at
LIS 1|, ¢

Z:Zﬂ_l_fzpﬂ.t

X=Xy YV—Vo Z£—2Z,

f~  fy  f.

J!pﬂ(x_xﬂ) +f}?pﬂ(y—yﬂ) +fZPﬂ(Z_Zﬂ) =0

The tangent plane of surface at point Po is



Example 2.11

Find the equation of thgtgngent plane pad normallige of the surface that
has the function at point Po(1,2,3)

?OIUt xﬂ)+fypﬂ(y_yﬂ)+fZPﬂ(z_zﬂ) =0
VI =Ffri+ f i+ f.k=2xi+2yj+k
VFlp, = 2i+4j +k

2(x—x,)+4(y—vy,)+(z—2,) =0
& tandent pli®is 20 T #—=3) =0
2x —2+4y—8+z—3 =0

Z2x +4y+z =13

x =14+ 2t
v=2+4t
z=3 4+t

The normal line is



Example 2.12
_ _ x2+y2+2z2=9 _
Find the point on the surface x —72y + 2 = 4 at which the tangent palne
that is parallel to the plane

h_rlSQIgUD@j+k X2 ty? 42 =9

—S=gradf =Vf=f.i+f,j+ [,k

Plane ? x—2y+z=4

N2 —> s
) ) > N1
2= 2x,0i+ 2y,j+ 2z, k
— //— then —XxX—=0
N2 N1~ N2
i Jj k
—xX—=| 1 —2 1 |=0
N1 N2z 2x, 2y, 2z,
(—4z, — 2y, )i+ 22z, —2x,)j + 2y, + 4x,)k =0
—4z, — 2y, = 0theny, = —2z, ... (1)
2z, —2x, = 0thenx, =z, ... (2)
2+y2+22— X2+ Y2+ 2,2 =9 .(3)

z,2 +4z,°
6z —chenz—+f —+’ andyc,:if

Sub. Po(Xo, Yo, zo) in equ. To get



2.7. Maximum and minimum values

One of the main uses of ordinary derivatives is finding maximum and
minimum values. In this section we are going to see how the partial
derivatives are used to find the local maximum and minimum values of the

function for two or more variables.
fx =0andf, =0 at a point(a,b) Local Absolute

This point called critical point | "
Whether absolute point or local point j, minimum X

minimum, -

2
B5 ofbsslBle to thet e sunclibivle kot
the critical point from this equation

(a) D> 0 and fxx at (a.b) >0 then f(a,b) is
local minimum

(b) D >0and fxx at (a.b) < 0 then f(a,b) is
local maximum



Example 2.13
f(x,y) =x?+y? —2x— 6y + 14

Let find the critical point

Solution :
[fr=2x— 2

fy=2y—6
if f, =0thenx=1

if f, =0theny=3 /

Zl13y =1 +32—-—2—-18+14 =4 X

— 2 _ 2
The critical point is (lé(éﬁ =y ox
fr = —2x and f}, = 2y
Example 2.14

Find the critical point
For points on the yl?axis (x=0) f(x,y) =y% >0
POMITOR: 0

f(x,y) =—x%2 <0

The critical point is (0,0)
For points on the x-axis (y=0)

f(x.y)




Example 2.15

}:,I d E?e Iocal4maxmumind m|n|1mum values a z
(0,0)
Solutlon 5
[, =4y —4x =0
'Eo flnd th%CFItIC3| pog,nts

= (-1,-1
3

Vv =Xx andx=y

<

(I, 1) X

x? —x=0=x(x*— 1 =xxF —1Dx*+1) =x(x*—1D(x*+ D+ 1)

}'o flndlgﬁez%)@@sl) (-1-1)

= 12y? [ oy =—4

D(x@)l 1fxxfyy (fxy) = 144x y2 — 16

D = 144x*y%2 — 16 = —16 =< 0 :ts saddle point
v B -1 e crltlca [ points o
(1.1) = 144— — 16 = 128 =0 .1:.1:.:1 15 = = 0itis alocal minimum

Dy 433, =144 —16 =128>0 f__ g1y 12 = 0 it is a local minimum



2.8Absolute maximum and minimum values

To find the absolute maximum and minimum values of continuous function
f (X,y) on a closed bounded set D.

1- Find the value of f at the critical pointof fin D
2- Find the extreme values of f

3- The largest of the values from steps 1 and 2 is the absolute maximum and

f(x,tjl}§ szmjggle_stzgrf }:ck_pszeyvalues Is the absolute lr)m:nt@yy@l (\)’ag“ie'g 3 o<y <2
Example 2.16 v

Find the absolute maximum and minimum value:
[x= 2x — 2y = 0 and [ gvthed¥ctaigul& ©0.2f 13 (3.2)

= 1, =1 L4 L2
Solution ~ «
To find the critical points (0. 0) L1 (3.0)
v =20, x=0—-3
_ .2 z
f(x, 0) = X " (3.0.9)

The critical pointis (1,1)
To find the points on the boundary :
u (0.2, 4 E\‘- vY

(0, 0. 0)




L2
x = 3, y=0-—>2

Maximum value is f(3,0)=9
Minimum value is f(3,2)=1

= 2, x=0—-3

fl"ExZ)—x Z—4x+4=(x—2)*

Maximum value is (0,2)=4
Minimum value is f(2,2)=0

f(O,y) =2y

Maximum value is f(0,2)=4
nimum value is f(0,0)=0

- LN N\ raY



2.9 Lagrange Multipliers Method

This method is used to find the stationary points (maximum and minimum)
of the function w=f(x,y,z) with constraint g(x,y,z)=k as shown in Figure
below.

The figure shows a g(x,y) curve together with several curves of f(x,y). To
maximize f(X,y) subject to g(x,y)=k to find largest value of C such that
the level curve f(x,y)=c intersect g(x,y)=K. its appear from the figure that
this happens when these curves just touch each other.

This mean the normal lines at intersection point (Xo,yo0) a

& erietient Vet i padafiel® <4

For 3D (thred variables)

A Vf(lx,y,z) =AVg(x,y,z)

Th} number In the equatlon Is called afLagrange Multiplier
Tofind the maxmurﬁ’and Minimum valtigs of f?x v.Z) subiect to the



Example 2.17

A rectangular box with out cover is to be made from
find the maximum value of such box.
Sﬁlugo:gyz
glx,v,z) =2xz+ 2yz+xy =12
Vf=AVg
v, =Ag, v, = }i.gy v, =Ag,
vz = A2z +Vy) (1)
xz = A2z + x) (2)
xy = A(2x + 2y) (3)
2xz+2yz+xy =12 (4)
Multiply eq. 1 by x,eq. 2 by yandeq. 3 by z

12m

: of cardboard,

xyz = A(2xz + xy) (5)
xyz = AQL2yz + xy) (6)
xyz = A2xz+ 2yz) (7)

From Eqs.(5)and (6) 2xz+ yx = 2yz +xythen y=x

From Eqgs.(6)and (7) 2yZ + yx = 2xz + 2yzthen y=x = 2z
Sub.ineq.(4) 4z? + 4z? + 4z? = 12

z?=1thenz=1 x=2y=2

V=2%x2x%1=4m?



Example 2.18

Find the extreme values of the function f(x,yv) = A thegle
x? + y% = .
Solution

glx,y) = x> +y> =
fx= 49, [fy,=4g9, f.=A4g,
2x = A2x (1)
4y = A2y (2)
x*+y*=1 (3)
Fromeq.(1) x =0 o0or A=1
if x=0 y="1 fromEq.3

ifA=1 y=0 fromEq.2
Therefore the possible extreme values at the points (0,1), (0,-1) (1,0) and (-1,0)

f(0,1) =2
f(1,0)=1

Irhe haQihitintvalue of f is f(0,1) = £(0,-1) =2
The minimum value of fis f(1,0) =f(-1,0) =1



Assignment 2(Partial Derivatives)

(1) Find the first partial derivatives of the following functions
(@) fF(x,») =y®> —3xy (b) f(x,y) =e ‘cosmy) f(x,y,2)=xyZ?tan(yz

(2) Find the second partial derivatives of the functions

(@) F(x») = x3yS + 2x4}(b) f(x,¥) = sin?(mx + n) flx,y) = xx—yy

(3) Show that *=» — *»xfor the following

@ "~ xsin(x + 2y) (b) *= xty? — ny?C) u = xye”

(4) Find the_indicated partial derivatives _x 93w 33w
(a) f‘lpx, JB = gxy i > S qexxxﬁ yyy (b) w = Y 57 636}?62{ , 6_1-263;

) ) Z = In(e* + e”) ) )
(5) Verify that the fusetion Is a solution of the deferential
equation ax Tay — 1

_ P = bL*KF :
(6)1‘%% tﬂaﬁhg fg{gcﬂ%P satisfies the equation
a ok
dz dw
at °" Tar y

(7) Bsethocgain BRye totimds, y = ef w=xez,x=t’,y=1—t,z=1+ 2z
() (b)



60
(8) The temperature at a point (x,y) on a flat plate is given by T(x,y) = A+ 22+ 57

Where T is measured in  am@Px,y in meters. Find the rate of change of temperature with
respect to distance at the point (2.1) in
(@) The x-direction (b) the y-direction
0z 0z

d —_
(9) Use the chain Rule to find aS as MY 5t
(a) z=sin@cos®, 6 = st?, (Sf)) Z=e"cosB, r=st0 =52+ t2

(10) Find the directional derivative of f at the given point in the direction indicated by the

| 9

(11) FEi dtB]e directional derivative of the function
(n —1+2xyP—(34 vV =(4,—-3)

Eb; f(x,y,z) =xe¥ +ye* +ze*, P =(2,3,1), V=04 —-2,1)

(12) Find equation of the tangent plane and the normal line to the given surface at the
( ) ZS(Q\fegfé%Q ELO@;— 1)%2 + (z —3)%2 =10, ((36)3, 5) z+1=xeYcosz,(1,0,0)
a

(13) Find the local maximum and minimum values and saddle point of the following
ﬁ{&%!@né x3y +12x% — 8y f(x,¥y) = eYcosy

(@) (b)



(14) Find the absolute maximum and minimum values of f on the set D.
f(x,y) =3 +xy—x— 2y

(@)

D isrthesclosect tripngutay region withaverticss £10)»(0x1and (1,4)

(b)

(15) By Lagrange multipliers
(a) Fin.d the three_ positive numbers whose their sumajs+4§, angd sugh that
their product is a large as possible

(b) Find the maximum volume of box with three faces in the coordinate
planes and vertex in the first octant of the plane



Chapter Three

Differential Equations

Instructor: Dr. Abdulrahman M. Al Rawi
Email: abd.mohammed@uoanbar.edu.iq



3.1 Introduction

A differential equation is an equation that contains unknown factors and
one or more of its derivative. The order of differential equation is the
order of the highest derivative that occurs in the equation.

Differentigl equation -cr Otder Degree-
3.2 orderSRE HE Eae of diffe rerttal-egtiation

% = 3x + e™
(&)~ (222) + (22) = sinx 3 :

3.3 First order Differential Equations

That equations which can be classified to the following types
1- 15t order differential equation ( Separable Type)

2- 15t order differential equation ( Homogenous Type)



3.3.1 1st order differential equation ( Separable Type)

A separable equation is a first-order differential equation in which the
expression for dx/dy can be factored as a function of x times a function
of y. In other wordsg%acn yrittgadpthe form

X

The name of #e@ardile-coierdixromutpe)fac t expression on the right
side can be separable and can put the equation

JhOdy = [ g(x)dx + ¢

The solution&sy ”

y2

aa%"e“ x4 o, L .
fl 3 Y Co2 — Cq .
olve the differen aI equation and fing the solutlon of this equation

\/@ﬁ;ﬂes—fhe |n|I|aI gcondlélon y(0)=2

JSOJG;FI;Q§I+I£ x=0y=2 —»2=330+k k=28
y=3x3+8



Example 3.2 dy  6x?
Solve the differential equation 94x 2y +cosy

Sal@$ion cosy)dy = 6x2dx

f(Zy + cosy)dy = f 6x*dx + c

yZ +siny = 2x3+c¢

d

—— = f(—)
3.3.2 1 oider dlfferentlal equation ( Homogenous Type)
The general form IS

i F(Ax,y) = f(x,3)
ut

M(x,y)dx + N(x,y)dy = 0

15t order diftepential eguﬁﬁlon IS smaépybe hmwm@@s If it satisfy the following
conditiorzx ~  N(x,) " N(xy) ~ N(ax Ay

dVv
sometime 15t order diffedamtﬁkeq%%a;beﬁyvﬁt&an as following



Example 3.3
x?ydx = (x* —y3)dy y(1) =1

Solve
. dy  x*y ¥ _ x%y
Solution dx B _yp Tx» V=% Fxy) =333
ﬂ, 241 113 = =
F(Ax, Ay) = (Ax)" 2y = Y =¥ = f(x, )
(Ax)3® — (Ay)3 A3 (x® —y3) (x® —¥»3)
xzy
d | 74
) ) _y:F(V):x3x3y3:1_V3
The equation is H&%ogenous =% — %
x x
dV
In x =f + C
F(V)—V
dv dv (1 — V3)dV
]nx=f 74 _F—l—r:= F—F—I—F“_FC_}IHIZJ, i + c
General sotutidn . 1—-v3
lnx:f(V_4—F)dV+c—>lnx:—3V3—an+c
x3 y
lnx:—3y3—ln;+c atx—1 y—1
()3 _ 1 _1
ln(1)——3(1)3—ln(1)+c — D——§—D+c—> €=z
3
1
Inx = — = —an+—

3y3 x 3



Example 3.4
SO|Ve(x2 — y?)dx + xydy = 0

35"z 4 y2) (24
dx - xy ] f(xly) - xy
(02 + (ay?] a2 (x% + y%) (x% +y?)
F(Ax,Ay) = — Ax Ay =~z xy = — xy = f(x,y)
y?
dy Fv (xz Tz . (r+v?)
The dguation Is homogeﬁf@s B v
In x = f FV) — + C
_ajf Vav c—f v + ¢
Eener S-GI{JIIEsz) v ) —(1+ 2v?)
1%
v 1 ,
lnx:j-w+cﬁ~»lnx:—lln|1+21«’ | + ¢

1 — 1l
nx=—_In



3.3.3 15t order differential equation (Exact Type)

The general form IS of x,») af(x »

dy =0 =0
N(x,y)dy ~ox oy dy

(x.y) MG eRRrTEs Tha gereral s%nft'u ofY 6F e FhovesAaten

OM(x,y) _ON(x,y)

ay Ox
15t order dlfferentlal equation is said to be exact if it satisfy the following

COPAION = [ m(x,3)ax + 0

of (x,y)
The gen@ml somtm(sﬂlzﬁ%é{?ndxe)rgoes(%ﬁe following routes as below
1- ) oy = f;a(y)f +C eereene (*)
fey) = [ NGy + g
aff:x’y) = o (fN(x,y)dy) + g(x)"f + c
To flnd sub. In eq. (*) to get the G.S.

g(x) —fg(x)f+c

D (**)



3- f(x,y) =fM(x,y)dx+fN(x,y)dy+c

(regardless all terms containing variable x)
fx,y) = fN(x,y)dy+fM(x,y)dx+c

4-
(regardless all terms containing variable y)
(2xy + e?)dx + (x* + xe¥)dy = 0
Example 3.5 M(x,y)dx + N(x,y)dy = 0
S@'Iéé@;y}=2xy+ey=% N(x::}’)= x2+xe3”=afé—;};ﬁ
A0 ON(x,y)
= 2x + e” A x = 2x + e”

Cofdpare it with
OM(x,y) ON(x,y)

ay dx

f(x,y) = 2xy + e¥)dx + O(y)

f(x,yv) = | M(x,y)dx + O(y)
(
f%!ﬂ%@) = x?y + xe¥ + O(y) It is exact



af(x,y)
ady

Ei(y)=f®(y)f+c —>=cC
f(lx,yv) = x*y+xe”+c

= N(x,y) =x* + xe¥ + O(¥) =x% + xe¥ - O(y) =0

ENDS! 2 AFAGUES RN [ N (e, 3ray + ¢
Method 3 /
(regardless all terms containing variable x)

f(x,y) =f(2xy+ey)dx+f0+c
f(lx,yv) = x*y+xe”+c

(2xy + x?2)dx + (x2 +y?)dy = 0O
Method 4 practice for you

Other practices



3.3.4 1%t order differential equation ( Linear Type)

The general form is ? + P(x)y = Q(x)
X

The general solutyoi(shaH ﬁef(x) Q(x)dx+c

I(x) is an integrating factor = el P(dx

dx
dy +Py)x=Q()

Or the general form can be written as

1) = [ 1) @ dy + ¢ I(y) = el POay

The gengral splutiop capce written as

dy dy
a+ytanx—secx a+P(x)y—Q(x)

Example.d)6= f I(X) Q) dx+c¢  [(x) = el P0dx
Qe = el tanxdx — glnsecx — gecx

Sodelton= f secxsecx dx + c

ysecx = fsecxz dx +c¢  comphTEStT tanx dx + c
G S



3.3.5 15t order differential equation ( Bernoulli's Eq.)

The general form is % + P(x)y = Q(x)y™

13 ca@,benrqgmqqgt&ﬁnea@for%gy@&ééldenng the following transformation

dx + P(y)x = . “n wh dz_(l )_ndx
dy x=Q(y)x" z = x1 where dy n)x dy
Or vy + f = In xy?
d
Example 3.7 d_i’ + P(x)y = Q(x)y"
Sohe v ".:Etz zdz - _ld ,d
: y v —1 dz Z
gﬁU:tl@ﬂl) 2 = o= > Zdx = —y?Z Ix sub in above Eq.
Corp@are \_;ylth , dz 1 ___ itsBernoulligequation it can be reduce
taﬂmeaﬂr dx x dx x
zf(x)=ff(x) Q(x)dx + c
1 1 1
I(x) =e Jx=emx=¢e"x = =
x
Z( )——f—lnxdx+c
* y ¥
1 2 / - —_— =
(In x) i HW y/ +— +—

%’.‘s._ 2



3.4 Second order differential equations
Those equation which can be classified to the following types

3.4.1 2" order differegtiaLeguatioQ,[!inear, homogenous with
constant coefficiedts * > T 9 =

The gsneral farm is > g
Whéaa P arld gare €nstaht” (Gz+Pgzta)y=0

d
Or (Dz + PD + 9)3" =0 D = v Differential operator
v/ +5y/ + 6y =0

To get where

Likewise m?+Pm+g=0.... (%)

the above equation can be solved by introducing a certain equation that is
ifikhad % dinractehbetih eqpatidmi reonsadaongthe coefficient of y in
differential 3% atof fEOM thafzUiating to zero after replacing each D

idortaimr Wm@t@n‘ﬁhlmland msare real roots
y(x) =C,e™ + Cr,xe™*

if m,and m, are both imagenary and they are of form m,, = a+ ib

The equation tayes the folpuiRG EBAES ¢, sin bx)
1-



Example 3.8
Solve y// +5y/ +6y =0

§9Iut|on
d (D2 +5D+6)y=0
2+5m+6=[} > (m+3)(m+2)=0 7T m=-3m=-—2
G.S. y(x) =C,e 3* + Cr,e %*
d2Zy dy o
dx?Z
Example 3.9
écﬂz —2D+1)y=0
Ve _ _
2_2m+1=0 - (m—1m—-—1)=0 m=1, m=1
80@“9‘@1‘) = C,e*+ Crxe*
d2y dy
Tz zd—+ 5y =0 y(0)=y(0) =1

(D2 —2D +5)y =0

Examplg 3,10 _ _}m12_2+\f2;:—1;l~(1](53 zz4i=1¢2i a=1b=2

S&I.\.@.y[x] = e (Cycosbx+ Cs:sinbx) = e*(Cycos2x + C5 sin 2x)
Sedption- 0,y = 1 — e°(C4 cos 2(0) + C2sin2(0)) > €4, = 1
atx =0,y =1 — *(—2C, sin2x+ 2C, cos2x) + e*(C, cos2x + C, sin 2x)
1=e%(0+2C;)+e’(C;+0) 21 =2C, +C; - C> =0
y(x) = e*cos2x




3.4.2 2"d order differential equation, non, homogenous, linear with
constant coefficients
hegeperaljormais)

d2Z2y dy . > _
dx2+Pa+qy—f(x) (D2 +PD + q)y = f(x)

Or

y(x) = yh + yP
The general solution of above equation shall be

yh : Transient solution (¥// + Py’ +qy = 0)
yP : Steady state solution

yh can be| f Suggested solution that discussed
. ' constant E: constant
previofee Ke™
xmn ap + a1 x + a>x? + --- + a,xm ] ;
yP can be[sinax ki cos ax + ky sin ax on f(x) where if f(x) is of a
standal sin ax + cos ax following table
sinh ax k43 cosh ax + k> sinh ax
cosh ax
sinh ax + cosh ax




Note

Each solution taken from the previous table shall be compared with yh.
If there is certain similarities between them suggested solution shall be
multiplied by (X).

If f(x) is noy pfthpsasnaniioned before, then yP shall be evaluated using
(variation parameters)

y1 and y2 shall be evaluated from yh regardless their constant while ul and
W@h&mew:bﬁilategﬁy‘ usipgys? techmgue
Where w(x) i|3 a)wroryﬁgifin function. Gramnga{-wmﬁslc[ian

_ [If&x) yo/ _ [y )
U, —f w(x)z dx u, —f 1w(x) dx

v/ +y = tanx + 4e3* + x? + sinx+ 5
y(x) =yh+yP

d2
Examipk 3.0— (P? + 1)y = 0

gﬁlyel—l =0 »m*=—1—-m=FV—-1=07Fi comparewitha=¥ib

CAahliitinn



yh = e™™(cqcos bx + c5 sinbx) - yh = €% (¢4, cos x + ¢ sin x)

yvyh = c;cosx + c,sinx

yP =yP; +yP, +yP3; + yP, + yPs

To find yP
W fimgypranx f(x) = tanx
yr1 = Yiuq +you, Y1 = COSXx Yy, = sinx
Y1 Y2
w(x) = Det ‘
) vy ¥/
w(x) = Det | €23 % snlxl = cos?x + sin’x =1

—sinx cCcosXx

sinx
| x | —sin®ax
_J-Hj s dx=fm"-”" ':ﬂﬂdx=f—sim:mm:dx=f—dx
W x) 1 COSX
(1 — cos?x) )
= — dx = — | (secx —cosx)dx = sinx — In(secx + tan x)
COS X
; | COSX 0 |
= J- yi' F(x) dx = —sinx tanx! ;. _ J-cﬂsxtamdx = J-simdx = conx
w ) 1

Ypq = YUy + YoU; = yp, = cosx[sinx — In(secx + tanx)] — sin xcos x

yp, = cosxsinx — cosxIn(secx + tanx) — sinxcosx
yp,1 = COS x

In(secx + tan x)



To find yP2

yP,' = 3ke3* yP,'/ = 9ke3* sub in eq. ()

2
9ke3* + ke3* = 4e3* - 10ke3* = 4e3* - k = =
yp?:éag b3 = ag + a;x + a,x?

v/ +y=x%..(x%) — let yp3 = ag + a;x + a,x?

}ﬁ;ﬁ’ﬁd %?31— 2a,x
yp3'/ = 2a, sub.in (x)

2a, + ag + a;x + ax? = x?

a2:1, a1=0
2a, +ag =0 —-ag = —2
yp3 = —2 + x*

v/ +y =sinx...(*)

yps = kycosx + k; sinx not OK

yps = x(k,cosx + k, sinx) OK

yps' = x(—k,sinx + k, cosx) + (k4 cosx + k, sin x)
yB¢/fiacepk, cosx — k, sinx) + (—k,sinx+ k, cos x) + (—k,sinx + k, cos x)
ypu,/'' = —x(kycosx + k, sinx) + 2(—kysinx + k, cos x)



—x(k,cosx + k, sinx) + 2(—k;sinx + k,cosx) + x(k,cosx+ k, sinx) = sinx
1

—2k,sinx — 2Zk,cosx = sinx — —2k;, =1 —k; = —Z k, =0 sub.in (*)
1 1
VP4 — x(—i cosx + Dsinx) = — Exr:asx
“\i'_ d 5 (¥) > letyPs; = k
n
3;1:-5Jr Xr% /=0 sub.in (%)
O+k=5
Yps = 5
+yp, +¥p; T yp, + 1 : M S . +5
= = In cosx +—e x° ——Xxcosx
¥Yp =¥YpPy T¥P: T ¥P3 T ¥Py T ¥Ps cecxian x 5 2
y(x) =yh + yp ) > )
= + inx + 1 +—-e? +x* — = +5
v(x) = c,cosx + cxSinx n__ — ___ cosxtce x 5 XCOoSX

(D? —16)y = e**

1
1 4+ cosx

Practices
1_



3.5 Higher Order Differential Equations

3.5.1 Third order differential equations, Linear with constant
coefficient
gﬁ%ﬁaﬂbpm— I§D + s)y = 0 homogenous

y(x) = yh : homogenous solution

m? +Pm?*+qgqm+s=0
Homogenous solution can be achieved by considering
if m; # m, ¥ my Real roots

TREPR are X i and mCesots witlf efe following arrangements.

1- if m; = m, = m3 Real roots

X

(x) = yh = C,e™* + C,xe™* + Cyex?"
y y 1 2 3

if (im; = m, = m) = my Real roots

y(x) =yh = C,e™ + C,xe™* + Cze™3*

if(m]_’z =a+ib) ¢m3

y(x) = yh = e**(C4y cosbx + C, sin bx) + C;e™3*
3-



While If (P? +PD* +4gD +s)y = f(x) represents third order-non
ﬁ@xrgolge:'pg% quferentlal equation. It can be solve as

yp shall be takeﬂ out frgm the suggested solution table , if f(x) is of a
3
|

Standard form. But if it is hot, yp shall be
Where yloy2 ang,y3 skallpe from yh that is mgntioned befoge while ul,u2
and ju3oshall e’ evaludted by using “G rarr‘le?;l‘-wmﬁskian?;fh iethod.
_ (S v/ ys”/ _ () fx) s’
w, = f w(x) dx u, = f w(x) 2 _dx
Y Y2 0

y / ¥y ) 0 Y1 Y2 Y3
1 2 _ / / /

w(x) = Det. | Y1 Y2 ¥3
Jﬁ” yzﬁ f(x)

_ // // //
U ] w(x) dx Y1 ¥2 y3

(D> +PD?*+gqD +5)y =0

vvih ehall khe avialhiiatad vy AANcIAArinA



3.5.2 Forth order differential equation, Linear with constant
coefficient.

(Hﬂeﬂmf*afkfaﬁfﬁ I8 sD + R)y = 0 homogenous

m* + Pm3 +gm*+sm+R=0
It can be solve by

ifm; +m, + m3 ;-—‘“ m4 Real roots
W%%%P:qi’?,gﬁdc nqre C m’t’ar}g ﬁf@’fﬁé Arferfha are four roots can be
1 2 — t
1- y(x) = yh = C,e™* + Coxe™  + C3x%2e™* + Cyx3e™
if (m; =m, =m3 =m) ¥+ m, Realroots
7. y(x) = yh = C,e™ + C,xe™  + C3x%e™* + C,e™s+*
if ((my =m, =m) +# my +* my Realroots
y(x) =yh = C;e™ + Coxe™  + C3e™3* + C,e™s*
3- if(my —m,; —m)and (m3; — my — m ) Realroots
y(x) = yh = C,e™ + C,xe™  + Cze™ *+ Cyxe™ *
if imm; + my)and mz , — a+ ib
y(x) = yh = C,e™1* + C,e™2* + e (C3 cos bx + C4 sin bx)

if (imy —m, —m)andmsz, — a+ib
5. y(x) = yh = C,e™1* + C,xe™2* + e (3 cos bx + C4 sin bx)

4-

if my, —at+ibandm;, — u + iv

vix) =vyvh = e (Czcosbx+ Cysinbx) + e (C3cosvx + Cysin vx)
6_ if ml,z — m3,4_ = i ib

v(x) = yh = e (Czcosbx+ Cysinbx) + xe™(Czcosbx+ C4 sinbx)



While the equation of form (P* + PD? + qD* +sD + R)y = f(x) i jg 4th

order differential equation it can be solve by
y(x) =yh+yp

yh : shall be as mentioned before
yp: shall be taken out from suggested solution in the table that mentioned

YBravibtéiy 1125 ris at tHe stafitfatd form. But if it is not, shall be as

following
0 J’z y3 )’4 J’1 0 y3,: y4
0
y:.}ﬁ ySﬁEmd yémallﬂm rom yh regardle ﬁhew@ons&@ﬂts ﬁﬁt ul,u2,u3
(X . lowing = f O L CO RSNV NN dx
t = f o wx) ) ] g 2 w(x)
Y1 Y2 0 Ya y v y
y1/ v2! 0 ya! y:}, J’zzf J"33f g
v/ oy f(()) va'/ v/l oy sl 0
Ny /Y XDy, N7/ (€D
Hs = f w(x) dx Uy = f 1 2 w(x)3 dx
Y1 Y2 Y3 Ya

w(x) = Det v1/ v/ vs/ i/
ylfff yzf’ff y3fff’ y4fﬁf



Examplef% 12 p , .
vyl —e6y'/l +11y’ — 6y = 4e™*
Solve

S6ktevh + yp

>0 finf¥h corstder™ > = ©

(D3—6D2+11D—6)y—0 —-m® —6m*+11m — 6 =0

i, = 1 satisfy the equation, using long divition principle to get m,and m,
(m—1)(m? —-5m+6)=0 m2 —5S5m4+ 6
(m—1D)(m—-—3)(m—2)=0 m_—1 | m3® —6m? +11m — 6
m1:1,m2:3,m3:2 m3 — m?
yh = C,e* + C,e3* + Cye?™ —5m?2 +11m — 6
—5m? + 5m
6m — 6
yp = ke** 6m — 6
yp! = 4ke*™ ,yp// = 16ke*™ ,yp//' = 64ke*™ sub.in the eq. 0O o
6 6ke** + 44ke?* — 6ke?* = 4e**
‘f&jx 9_ B4—x — Z — 2 4x
6ke 4e %k—g —>yp—§e

2
y(x) = C,e* + Cr,e3* + Cz;e%* + 58‘”“



Example 3.13
(D*—1)y =0

Solve

Solution

Candided =0 - (m?* —1D(M?*+1) =0 - (m—DEm+1DEm?*+1) =0
m;=1,m,=—-1,m3, =0+i a=0,b=1

y(x) =C,e*+ Cre * + e®(C;3 cosx + C4sinx)

yv(x) =Cije*+Cre *+Cz3cosx + Cysinx

((D—1)MD—-2)(D—3)(D—4))y = 4e>*

y//!/ —5y/l + 4y = x* + 8e 3%
Practices

1-

?-
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Sheet 3 (Differential Equations)

1st order differential equations
y/ = —2xy
2(xy+x)y/ =y
ye* Vdy = dx
2xdx —dy = x(xdy — 2ydx) y(—3) =1
(x% + y?)dx = 2xydy
(xy+ y?)dx = (x? + xy + y*)dy
x?dy = (xy — y?)dx
(2xy + x%)dx + (x2+y?)dy =0
(siny — ysinxy)dx + (xcosy — xsinxy)dy = 0

(2 =y )y + (2xy+1)=0 1
. (5x% + 1)y’ — (20xy) = 10x y(0) = =
.y +y=e* y(0)=3

: (x +1)dy (x —2xy+x)dx y(1) =1
.y +2xy—x=e€
. yy +xy?—x=0 y(0)=-—1
. ydy = (x — y?)dx

2

x



NN A WNR
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2"d order differential equations
(D? +3D+2)y=%+x2
(D? + D)y = cos?’x + sin?xx?
y// —2y/ + 2y = e *cosx
v/ +4y/ +3y=x—1
y// — 5y/ + 6y = coshx
y// +y/ = sinx + 2cos2x
v/ +5y/ + 6y = 3e ** + 4x*
(D? — 2D + 1)y = xlnx

(D +2)(D? +2D + 2)y = x — sinx

(D?® + D)y = 4cos2x

(p* —16)Hgher order differential equations
(D®*+D?+3D—5)y=e"

D+ D%y =e*+ 12

(D2 +1)(D*+5)y =€~



